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Abstract 

We study affine Jacobi structures (bracltets) on an affine bundie tt : A —f M, i.e. Jacobi bracltets 
tliat close on affine functions. We prove that if the ranli of A is non-zero, there is a one-to-one 
correspondence between affine Jacobi structures on A and Lie algebroid structures on the vector 
bundle = UpGM '-'f affine functionals. In the case rank ^4 = 0, it is shown that 

there is a one-to-one correspondence between affine Jacobi structures on A and local Lie algebras on 
Some examples and applications, also for the linear case, are discussed. For a special type of 
affine Jacobi structures which are canonically exhibited (strongly-affine or affine-homogeneous Jacobi 
structures) over a real vector space of finite dimension, we describe the leaves of its characteristic 
foliation as the orbits of an affine representation. These affine Jacobi structures can be viewed as 
an analog of the Kostant-Arnold-Liouville linear Poisson structure on the dual space of a real finite- 
dimensional Lie algebra. 

Mathematics Subject Classification (2000): 53D17, 53D05, 81S10. 
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1 Introduction 

The Lie algebroid structures draw more and more attention in the hterature as structures generahzing 
the standard Cartan differential calculus on diffcrentiable manifolds. 

There is a well-known correspondence between linear Poisson structures on a vector bundle n: A ^ M 
and Lie algebroid structures on the dual vector bundle A* , which shows that the theory of Lie algebroids 
is, in fact, the theory of linear Poisson brackets. This correspondence is built on the fact that sections 
of A* can be considered linear functions on A. It can be easily extended to the correspondence between 
ajfine Poisson structures on A (whose brackets close on affine functions) and central extensions of Lie 
algebroids, i.e.. Lie algebroid structures on A* x R with the property that the section (0, 1) is a central 
element of the Lie algebroid bracket. More generally, a Lie algebroid structure on A* x M is uniquely 
represented by an affine Jacobi structure on A (whose Jacobi brackets close on affine functions) as well 
as by a linear Poisson structure on A x K. Let us remark that, as we will show later, the parts A and E 
of an affine Jacobi tensor (A, E) need not be affine themselves. 

The presence of affine Poisson and Jacobi structures as counterparts for Lie algebroids justifies recon- 
sideration of the mentioned relations in an affine setting, i.e., by admitting only affine bundle structure 
on A. The dual bundle is the vector bundle = Aff{A,M.) whose fiber over p ^ M consists of affine 
functions on the fiber Ap. It has a distinguished section corresponding to the constant function 1 on A. 
In this paper we will prove that there is one-to-one correspondence between affine Jacobi structures on 
A (the Jacobi bracket of affine functions is an affine function) and Lie algebroids on yl+ . 

The standard definition of a Lie algebroid structure on a vector bundle A consists of a Lie bracket defined 
on sections and an anchor map p: A TM . It is instructive to look at a Lie algebroid as a restriction 
to sections of the corresponding Schoutcn bracket [•, -Jsat (which is, in fact, a graded Poisson bracket) 
on the graded algebra of multisections of A. The Schouten bracket is graded anticommutative, satisfies 
the graded Jacobi identity and the graded Leibniz rule. One can interpret a Poisson structure on A'l as 
a canonical structure for the Schouten bracket of multivector fields on M, i.e., as an element A of Lie 
degree —1 satisfying the master equation [K^K]sn ~ 0. The analogy with the classical Yang-Baxter 
equation is not an accident, but the essence of the theory. 

This point of view provides an easy passage to the theory of Jacobi structures and Jacobi algebroids ^I] 
(or generalized Lie algebroids in the sense of [IZ|). It is enough to replace the (graded) Leibniz rule by 
the generalized Leibniz rule which is valid for the first-order differential operators. The obtained bracket 
is called a Schouten- Jacobi bracket on A. Its restriction to sections of A defines a Lie algebroid structure 
on A, but its restriction to sections and functions defines a Jacobi algebroid ( |lll I12| ) structure on A (a 
generalized Lie algebroid in 17 ). 

A Jacobi structure on M in this setting turns out to be a canonical structure (in the sense we explain later 
on) for the Schouten- Jacobi bracket of the first order polydifferential operators on M, i.e., skew-symmetric 
multidifferential operators. 

The passage from Poisson structures and Lie algebroids to Jacobi structures and Jacobi algebroids is, 
essentially, the passage from derivations to first-order differential operators. The notion of a derivative 
depends on a reference frame (trivialization) , but the notion of a first-order operator is not, and we 
make use of this difference. A similar situation we encounter in physics when we pass from a reference 
frame-dependent to frame-independent description of a physical system. This is why frame-independent 
formulations require affine bundles and Jacobi structures (algebroids). We refer here to [31312312211201 
(time-dependent mechanics) and 
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With a Lie algebroid structure on A we associate the complete hft of multi-sections of A to multivector 
fields on A. It is a homomorphism of the Lie algebroid Schouten bracket into the standard Schouten 
bracket and the complete lift of a canonical structure of A is a linear Poisson structure on A. 

Similarly, there is a complete lift (cf. of a canonical structure for a Jacobi algebroid A to an affine 
Jacobi structure on A. 

These remarks show that there is a need to look closer at affine Jacobi brackets on affine (and also linear) 
bundles as to those which are responsible for all these structures. This time, however, the structures have 
an afhne flavor. 

The aim of this paper is a study of affine Jacobi structures on affine and vector bundles and the corre- 
sponding Lie algebroids. 

A linear (resp., afhne) Poisson structure on a vector bundle A can be characterized by its behaviour 
with respect to the graded algebra of polynomial functions on A or with respect to the Liouville (called 
also Euler) vector field on A. Recall that the Liouville vector field is the generator of the one- 
parameter group of (positive) homoteties on A. For example, a Poisson structure is linear, i.e., linear 
functions are closed with respect to the Poisson bracket, if and only if one of the following sentences is 
satisfied 

• the corresponding tensor A is homogeneous with respect to the Liouville vector field {£aa-^ = 
where £ is the Lie derivative operator on A). 

• the Hamiltonian vector field of a linear function is linear. 

A Poisson structure is affine if and only [Y, [X, A]] = for each pair of invariant vector fields X, Y on 
A (i.e., vertical lifts of sections of A). In this case we say that A is affine homogeneous. This definition 
has its advantage, when comparing with the action of the Liouville vector field, that it can be used in 
non-commutative cases, i.e., for structures on Lie groups or Lie groupoids. 

These characterizations cannot be extended to the case of Jacobi structures. In particular, a linear Jacobi 
structure may not be homogeneous and an affine Jacobi structure may not be affine homogeneous, so one 
has to find the proper notion of homogeneity in the afhne case. In the paper we propose such notion and 
we establish relations between different concepts and specify the corresponding Lie algebroids. 

In Section 2 some definitions and results about Jacobi structures, homogeneous multivectors in a vector 
bundle and Lie algebroids are recalled. In Section 3 we discuss affine Jacobi structures on an affine 
bundle in relation to linear Poisson structures on its vector hull and Lie algebroids on the vector dual 
bundle. In Section 4 we provide several examples. The most important ones are given by the canonical 
structures which induce triangular bialgebroid structures (Lie and Jacobi). In Section 5 we analyze the 
relation between homogeneous and linear Jacobi structures (previously, in Section 4, some results have 
been obtained). Moreover, we introduce the notion of affine- homogeneous Jacobi structures. We establish 
in Proposition 5.3 its relation to affine and strongly-afBne Jacobi structures. We remark that an affine 
Jacobi structure is said to be strongly-affine if the hamiltonian vector fields of affine functions are affine. 
On the other hand, we prove that affine-homogencous Jacobi structures on an afhne bundle A correspond 
to Lie algebroids on the vector dual which have an ideal of sections of the subbundle spanned by 1a- 
The Section 6 is devoted to the description of leaves of the characteristic foliation of a strongly-affine 
Jacobi structure on a vector space, as the orbits of an affine representation of a Lie group on the vector 
space. It can be viewed as a generalization of viewing symplectic leaves of the Kostant- Arnold- Liouville 
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linear Poisson structure on the dual space to a Lie algebra as the orbits of the coadjoint action of the 
corresponding Lie group. 

2 Jacobi manifolds and Lie algebroids 

A Jacobi manifold is a differentiable manifold M endowed with a pair (Jacobi structure) (A, E), where 
A is a 2- vector and E is a vector field on M satisfying 



Here [•, -jsN denotes the Schouten bracket. Note that we use the version of the Schouten-Nijenhuis bracket 
which gives a graded Lie algebra structure on multivector fields and which differs from the classical one 
f [51 by signs. For this type of manifolds, a bracket of functions (the Jacobi bracket) is defined by 



for all f,gii C°°{M, R). This bracket is skew-symmetric, satisfies the Jacobi identity and it is a first-order 
differential operator on each of its arguments, with respect to the ordinary multiplication of functions. 
We will often identify the Jacobi bracket with the first-order bidifferential operator A + 1 A E, where / 
is the identity on C°°(Af,R). The space C°^{M,R) of C°° real valued functions on M endowed with the 
Jacobi bracket is a local Lie algebra (see Conversely, a local Lie algebra on C°°(M, R) defines a 

Jacobi structure on M (see Note that Poisson manifolds [51] are Jacobi manifolds with E = 0. 

Other interesting examples of Jacobi manifolds are contact and locally conformal symplectic manifolds 
(see for example [HI EHl OH] for the definition of these types of manifolds) . 

For a Jacobi manifold {M,A,E), one can consider the homomorphism of C°°(Af, M)-modules #a '■ 
n^{M) X{M) given by #a («)(/?) = A(q!,/3), for all a,/3 G n^{M). If / is a C°° real-valued func- 
tion on a Jacobi manifold M, then the vector field xj'^'^'' defined by x'j^''^^ — #A(c(f) + fE is called 
the hamiltonian vector field associated with /. It should be noticed that the hamiltonian vector field 
associated with the constant function 1 is just E. 

Now, for every x € M, we consider the subspace ^i^'^-* of T^M generated by all the hamiltonian 
vector fields evaluated at the point x. In other words, J^i'''^'' = (#a)^(T; M)-|- < E^ > . Since JF^^'^) 
is involutive and finitely generated, it is easily seen that T'^^'^^ defines a generalized foliation in the 
sense of Sussmann \6'6\ . which is called the characteristic foliation (see Moreover, the Jacobi 

structure on M induces a Jacobi structure on each leaf. In fact, if L is the leaf over a point a; of M 
and if E^ ^ Ini{=ff:A)x (or equivalently, the dimension of L is odd) then i is a contact manifold. If 
Ex G /to(#a)x (or equivalently, the dimension of L is even), then L is a l.c.s. manifold (see [HIE]; see 
also [IH]). 

Definition 2.1 A tensor field X on M is homogeneous of degree k with respect to a vector field A if 
£aX = kX , where £ is the Lie derivative. If k — I — n for a contravariant n-tensor field X , then we 
will call X just homogeneous. In particular, a bivector field is homogeneous if £/^X = —X. 

We will often identify sections /i of the dual bundle A* with linear (along fibres) functions on the 
vector bundle A: L^{Xp) =< iJ,{p),Xp >. Note that if / : A ^ M is a smooth real function and is the 
Liouville vector field of A then 



[A,A]s^v = -2EAA, 



[E, A]sw = 0. 



{/, 9}iA,E) = Hdf, dg) + fE{g) - gE{f) 



f is linear ^ Aa(/) = /. 



(2.1) 
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We recall that is the vector field on A given by A a = V^'fTlI^ ^'^^ fibred coordinates (a;*, y"). 

a ^ 

On the other hand, a 2-vector A on ^ is linear if and only if the induced bracket is closed on linear 
functions, that is,< A, dt^ Adii, >= {t^^, tjy}A is again a linear function associated with an element [/i, j/]a. 
The operation j/]a on sections of A* is called the bracket induced by A. If A is a linear 2-vector field 
on A and /, 5 : A — > R are basic functions then 

< A, dtp /\df > is a basic function and < A, d/ A dg >— 0. (2-2) 

Using the above facts, it is easy to prove that A is linear if and only if it is a homogeneous bivector field 
on A with respect to A^. 

A Lie algebroid structure |26| on a difFerentiable vector bundle tt : A — ^ M is a pair which consists of a 
Lie algebra structure |-, •] on the space y{A) of the global sections oi tt : A ^ M and a homomorphism 
of vector bundles p : A TAI, the anchor map, such that if p : T{A) X(M) also denotes the 
homomorphism of C°°(Af, M)-modules induced by the anchor map, then 

lX,fYj = flX,Y]+piX)if)Y, 

for aU X,Y e r{A) and / e C°°{M, M). It follows that p : (r(A), |-, ■]) ^ (X(M), [•, •]) is a Lie algebra 
homomorphism. Note that the anchor is uniquely determined by the Lie algebroid bracket. 

Theorem 2.2 JTJ' There is a one-one correspondence between Lie algebroid brackets |-, -Ja on the vector 
bundle A and homogeneous (linear) Poisson structures A on the dual bundle A* determined by 

t-lx.YjA = {i-x, '•yIa = A{dix,diY)- 

Every Poisson structure A on M determines a Lie algebroid bracket |-, -Ja on T*M with the anchor 
and the bracket |-, -Ja defined by |a, /?]a = i^j^(a)d(3 — i#f^(p)da + d{A{a, (3)). Also every Jacobi manifold 
(M, A, E) is associated with a Lie algebroid (T*MxK, |-, •](a,£;), #(a,£;)): where the Lie bracket [-, •](a,_e) '■ 
(r2i(Af)xC°°(M,R))2 ^ Oi(A/)xC°°(Af,R), and the anchor map #(a,_e) : f^i(M) x C°°(A'/, R) X{M) 
are defined by (see (2^ ) 

[(a, /), 5)l(A,£;)=(i#A(a)d/3 - i^^(i3)da + d(A(a, 13)) + JIeP - glsa - isia A /3), 

A(/3,a) + #A(a)(g)-#A(/9)(/) + m9)-gi?(/)), (2.3) 
#(A.B)(a,/) = #A(a)+./i?, 

for (a,/),(/3,g) £ ^^^(Af) x C°°(A//,R). 

As it has been observed in .22., a Lie algebroid structure on a vector bundle A can be identified with a 
Gerstenhaber algebra structure (in the terminology of j22) on the exterior algebra of multisections of A, 
r(Aj4) — ®kez^{^^ A), which is just a graded Poisson bracket {Schouten bracket) on r{AA) of degree -1 
(linear). 

A Schouten bracket induces the well-known generalization of the standard Cartan calculus of differential 
forms and vector fields The exterior derivative d : r(A'^A) — > r(A'^+^A) is defined by the standard 
formula 

dp{X,,...,Xk+i) = ^(-1)^+1 lX„M^i,...,X„...,Xfc+i)l 

i 

+ 5^(-l)'+V(I^.,^jl,^i,---,^^,---,^.7-,---,^fe+i)- (2.4) 
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For X e r(^), the contraction ix-T{APA) r(AP"M) is defined in the standard way and the Lie 
differential operator £x is defined by the graded commutator £x ^ ix ° d + d o ix- 

It is obvious that the notion of Schouten bracket extends naturally to more general gradings in the 
algebra. For a graded commutative algebra with unity 1, a natural generalization of a graded Poisson 
bracket is graded Jacobi bracket. The only difference is that we replace the Leibniz rule by the generalized 
Leibniz rule: 

la, bcj = (a, bjc + (-l)(l''l+'=)'^l6Ia, c] - [a, l]6c. (2.5) 

Graded Jacobi brackets on r{AA) of degree k — —1 (linear) is called Schouten- Jacobi brackets. An 
element X e r(A^A) is called a canonical structure for a Schouten or Schouten- Jacobi bracket |-,-] if 

lx,xi = o. 

Since Schouten brackets on r(AA) are just Lie algebroid structures on A (see 122), by a generalized 
Lie algebroid (or Jacobi algebroid) structure on A we mean a Schouten- Jacobi bracket on T{/\A). The 
generalized Lie algebroids are in one-one correspondence with pairs consisting of a Lie algebroid A and 
a 1-cocycle 0o £ T{A*) relative to the Lie algebroid exterior derivate d, i.e., dct)^ — 0, (cf. jll[ll2[[T7| ). 

A canonical example of a Jacobi algebroid is {TAI, (0, 1)), where TM — TM © R is the Lie algebroid of 
first-order linear differential operators on C°° (Af, M) with the bracket 

[(x,/),(r,5)]i = ([x,r],x(.9)-y(/)), x,rex(A/), /,<? e c°°(m,r), (2.6) 

and the 1-cocycle (f)Q = (0, 1) is 4)Q{{X^f)) — f. Note that we have the canonical decomposition X ~ 
Xi + I A X2 of any tensor X £ r(A'^TM), where Xi (resp. X2) is a fc-vector field (resp. (k — l)-vector 
field) and / represents the identity operator on C°° {M, R) which is a generating section of R in TM ©R. A 
canonical structure with respect to the corresponding Schouten- Jacobi bracket on the Grassmann algebra 
r(ATAf) of first-order polydifferential operators on C°°(Af, R), which we will denote by [•, -Ji, turns out 
to be a standard Jacobi structure. Indeed, it is easy to see that the Schouten- Jacobi bracket reads 

[Ai+I AA2,Bi+I AB2]i = [Ai,Bi]sN + i~l)''I /\[Ai,B2]sN + I A[A2,Bi]sN 

+aAi A B2 - (-1)"M2 ABi + {a- b)I A A2 A B2. 

Hence, the bracket {•, •} on C°°(M,R) defined by a bilinear differential operator K + IAT e T{a'^TM) = 
r(A2(TAf) © r(rAf)) is a Lie bracket (Jacobi bracket on C°°(Af,R)) if and only if 

[A + /Ar,A + /Ar]i = [A,A]sAr + 2/A[r,A]sAr + 2AAr = 0. 

Thus, we get the conditions defining a Jacobi structure on Af. 

There is another approach to Lie algebroids. As it was shown in |14II15| . a Lie algebroid structure (or the 
corresponding Schouten bracket) is determined by the Lie algebroid lift X i— > X'^ which associates with 
X G T{AA) a multivector field X"^ on A. The complete lifts of Lie algebroids are described as follows. For 
a given Lie algebroid structure on a vector bundle A over M there is a unique complete lift of elements 
X G r(A'' A) of the Grassmann algebra r{AA) = ©fcr(A'' A) to multivector fields X" G T{/\'"{TA)) on 
A , such that 

.r = Ldf, X-{i^) = i£,^, {X AYy = X- AY^ +X- AV^, 

for / G C°°(Af,R), X,Y e r{A) and ^ G T{A*), where X ^ X'" is the standard vertical lift of tensors 
from r(Ayl) to tensors from r{ATA). Moreover, this complete lift is a homomorphism of the corresponding 
Schouten brackets: 

[X, yf = [X^ Y^]sN and IX, Yf = [X\ Y'-]sn. 
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Note that in the particular case A = TM, the above complete lift reduces to well-known tangent lift of 
muhivector fields on M to TM (cf. pilTHT^ITT] ). 

Recently, in [H] the notion of a Lie QD-algebroid has been introduced as a vector bundle ^ on a manifold 
M endowed with a Lie algebra bracket [■, ■] on the C°°{M, IR)-module of sections of A and a C°°{M, M)- 
linear map X e T{A) X e X{M) which satisfy [XJY] = f[X,Y] + X{f)Y for all X,Y e r{A), 
f £ C°° (M, M) . If A is a line bundle then a Lie QD-algebroid is a local Lie algebra in the sense of Kirillov 
|21|. If rank A > I, a. Lie QD-algebroid on M is just a Lie algebroid on M (for more details, see 

3 AfRne Jacobi structures on afRne bundles 

Let TT : A ^ M be an affine bundle over M of rank n modelled on a vector bundle V{tt) : V{A) M, 
that is, TT : A — i- M is a (locally trivial) smooth bundle such that the fiber at the point x £ AI, 
Ax — TT^^{x), is an affine space modelled on the vector space Vx = {V {Tr))~^ {x) , and we pass from 
one local trivialization to another using the group of affine transformations. If p e M, we denote by 
Af f{Ap,M.) the vector space of affine functions from the fiber Ap oi tt : A M at p and by the 
vector bundle ^4+ = [J^^j^ Af f{Ap,W) — > AI of rank n + 1. Note that A'^ has a distinguished 1- 
section, 1 : M ^ A+, defined by the constant function 1 on A, i.e., l{p) = 1^^ G Af f{Ap,R). We call 
= (A+, 1) the (special) vector dual of the affine bundle A. In general, by a special vector bundle (cf. 
[3IH|) we mean a vector bundle with a distinguished nowhere- vanishing section, so that A i—^ gives rise 
to a (contravariant) functor from the category of affine bundles to the category of special vector bundles. 

We also have a dual functor which assigns to every special vector bundle (V, X) an affine bundle (V, X)^ 
which is the affine bundle defined as the 1-level set of the linear function lx in the dual vector bundle 
V*. It is easy to see that for an affine bundle A we have (At)t ~ A, so that we can identify A with 
an affine subbundle of A = (A+)* (in fact, A — t^^{l)). Note that we have a full duality, since also 

{v,x)^{{iv,x)t)+ri). 

Using this fact, one can prove that there is a one-to-one correspondence between affine functions on A and 
linear functions on A. In fact, if a : A ^ M is an affine function on each fiber of A then the corresponding 
linear function a : A ^ M on each fiber of A is given by a{i/jp) = V'p(a|Ap)i for all ipp G Ap = (A^)* . Note 
that — a. 

Moreover, there is an obvious natural one-to-one correspondence between affine functions and sections 
of A+ which associates with the section of A+, a G r(A+), the affine function a : yl ^ M and the linear 
map : A — > R is just the function a. 

Definition 3.1 A Jacobi structure on a vector bundle (resp. affine bundle) is called linear (resp. affine) 
if the corresponding Jacobi bracket of linear functions is again a linear function (resp. the bracket of 
affine functions is an affine function). 

Now, we consider an affine Jacobi structure (A^,i?^) on an affine bundle A. Denote by {•, -{(a^^b^) the 
corresponding Jacobi bracket. 

If the rank of A is zero, i.e., A — My. {xi^}, then (A^, Ea) induces a Jacobi structure (A, E) over M . 

Moreover, A+ = M x R and thus r(A+) ^ C°°(M,R). Therefore, the Jacobi bracket {•, •}(a,£;) induces a 
Lie QD-algebroid structure on Conversely, if |-, •] defines a Lie QD-algebroid structure on A+ then 
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we have that a local Lie algebra structure on the real line bundle = M x M. ^ M or equivalently, a 
Jacobi structure on M, i.e., an affine Jacobi structure on A. 

Now, we suppose that the rank of the afhne bundle A is non-zero. Then, we have the following result. 

Lemma 3.2 Let f : A ^ R be a basic function. 

(i) If a : A-^M. is an affine function, then {/, a}(AA,-E^) ~ /{l; '^}(A^,£;a) '•^ basic function, 
(ii) If g : A—t'K is a basic function, then {/, 5}(Aa._Ea) basic function and 

{f,9}(AA,EA) = /{1:5}(Aa,-Ea) + 9{f, 1}(Aa,Sa)- 

Proof.- Let p be a point of M. Since rank yl > one can choose an affine function & : ^ ^ M such that 
the linear function associated with the affine function : Ap ^ M is non-zero. Then, 

{bf, a}^AA.EA) = Hf, a}{AA,EA) + f{b, a}(AA.BA) " bf{l, a}^AA,EA)- (3-1) 

Since a is an affine function, then {bf, a}(AA,-BA) f{b^ '^}{Aa.Ea) affine functions and therefore, from 
(EiH), we have that b{{f, a}(A^,_B^) - /{I, a}(A^,_B^)) is affine, that is, ({/, a}(A^^£;^) - /{I, a}(^AA,EA))\A^ 
is a constant function. Therefore, {/, a}(AA,-EA) ~ f{^T'^}{AA,EA} ^ basic function, i.e., (i) holds. 

If g is a basic function then, 5}(Aa,-Ba) /{^i 5}(Aa,-Ba) affine functions. Moreover, using (i) 
for the affine function a = 1 and the basic function g, we have that {1, 5}(Aa,-Ea) ^ basic function. 
Thus, since 

{bf,g}{AA.EA) =b{f,g}{AA.EA)+ f{b,9}{AA.EA) -bf{l,g}{AA.EA)^ 

the function 5}(Aa,-Ea) ^® afSne. Consequently, ({/, <?}(Aa,-Ea))|-4p ^ constant function. This proves 
that {/, <?}(Aa.-Ea) ^ basic function. Furthermore, from (j), we obtain that 

{g, bf}(AA,EA) - 5{1> ^/}(Aa,-Ba) = fiia, b}(AA,EA) - H(Aa,-Ba)) 

-b{{f,g}(AA,EA) - f{^,g}(AA,EA) - .9{/, 1}(Aa.Ba)) 

is a basic function, which implies that (see (i)) &({/, g}(AA,BA) - 5}(Aa,Ba) ~ 1}(Aa,-Ea)) is a 
basic function, that is, ({/, 5}(Aa,-Ba) "/{l. 5}(Aa,-Ba) -.9{/! 1}(Aa,-Ba))|Aj, = 0. Therefore, {/,g}(AA.BA) = 

/{1,5}(Aa,£;a) +5{/.1}(Aa,-Ba)- ° 

Now, we will describe a Lie algebroid structure (|-, ■]"'', p"*") on the vector bundle using the natural 
one-to-one correspondence between sections of and the space of the affine functions on A. In fact, if 
we denote by a the section of associated with the affine function a : A ^ R, then, we define the pair 
il , -V , P'^) on A+ as follows 

P+(a)(/Af) OTT = {a,/Af o7r}(AA,_EA) - (/m o7r){a, 1}(Aa,£;a)' 
for all a, 6 : A ^ R affine functions and /m e C°°{M, M). 

Theorem 3.3 Let (Aj^, Ej^) be an affine Jacobi structure on an affine bundle tt : A ^ M and assume 
that the rank of A is n, n > 0. Then, the bracket I-,-]"*" : r(A+) x T(A~^) r(A+) and the map 
/9+ : r(yl+) X{M) given as in define a Lie algebroid structure on A+. 
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Proof.- Since {•, •}(a^,_b^) is skew-symmetric and it satisfies the Jacobi identity, one deduces easily that 
(r(yl+), |-, •] + ) is a Lie algebra. Moreover, using Lemma IT^ and the fact that {•, •}(Aa,-Ea) ^ first-order 
bi-differential operator, we obtain that p+ : yl+ — > TM is a homomorphism of vector bundles. 

Finally, from the fact that {•, •}(Aa.-Ea) is a first-order bidifferential operator, we conclude that (|-, •] + , 
p+) is a Lie algebroid structure on □ 

Remark 3.4 Let (A^, Ej^) be an afhne Jacobi structure on an afhne bundle tt : A ^ M oi rank n, n > 0, 
and (|-, 'l^iP^) be the corresponding Lie algebroid structure on A+. Denote by the linear Poisson 
structure on A = induced by the Lie algebroid structure (|-, •] + , Then, we have that 

^[ail+ = {"'^}aa' (3.3) 

for a, 6 : A ^ R affine functions on A. On the other hand, if is the Liouville vector field we deduce 
that (A^(t];))|yi = {ii)\A = Ij which implies that is a transverse vector field of A as a submanifold of 
A. Thus, using H2.1|l . Proposition 2.3 in |H] and since A^ is a homogeneous Poisson structure on A, we 
obtain that there exists a Jacobi structure (A^, Ej^) on A such that 

{a,b}(A'^^E'^) = ({a,6}A^)|A, (3.4) 

for a,b : A ~i M. affine functions on A. Therefore, from H3.2|l . I|3.3|l and 1)3. 4|l . we conclude that 
{a, 6}(A^.£;^) = {f*! ^}(Aa,-Ea)i i-^-' (-^'at -^a) J^^^ the affine Jacobi structure {Aa,Ea)- 

Now, we will prove the converse of Theorem 13.31 

Theorem 3.5 Let {{■, -J^ , p^) be a Lie algebroid structure on 7r+ : A'^ —^ M and assume that the rank 
of A is > 0. Then, there exists a unique affine Jacobi structure {Aa,Ea) on A such that 

{a, 6}(Aa Ea) ~ l^' ^1^' b : A ^ M. affine functions. (3-5) 

Proof.- The uniqueness is deduced from the fact that a Jacobi structure is characterized by the Jacobi 
bracket of linear functions and the Jacobi bracket of a linear function and the constant function 1. Thus, 
two Jacobi structures satisfying 1)3. 5|l are equal. 

Now, we will define a Jacobi structure on A which satisfies (|3.5|l . Denote by A^ the linear Poisson 
structure on A induced by the Lie algebroid structure (|-, p^). Then, proceeding as in Remark 13.41 
we have that there exists a Jacobi structure (A^, Ea) on A such that 

{a,&}(A^4,-BA) = i{aMA^)\A, (3.6) 

for a,b : A ^ R affine functions on A. In fact, if A^ is the Liouville vector field on A, E^ is the 
hamiltonian vector field of the linear function tj : A ^ R with respect to A^ and A^ is the 2-vector on 
A given by 

Ai=A^-A^A£;^, (3.7) 

then, we obtain that (A^, E^) is a Jacobi structure on A and, from (|3.t)|) . it follows that A^ (respectively, 
Ea) is the restriction to A of the 2-vector A^ (respectively, E^). Moreover, using again H3.6() . it follows 
that the Jacobi structure {Aa,Ea) is affine and, in addition, 1)3.5(1 holds. □ 
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Remark 3.6 Let tt : A ^ M he an afRne bundle such that the dual vector bundle 7r+ : M carries 

a Lie algebroid structure (|-, •] + , Let {x^)i=i....,m be local coordinates on an open subset Um of M. 
We can consider {eo, ei, . . . , e„} a local basis of sections of 7r+ : M such that cq is the section of 

A'^ associated with the linear function li : A ^ M. Then, there is an open coordinate neighbourhood U 
on A with coordinates {x^, . . . , x™, ij, y^, . . . , y"), where : f7 R is the linear map associated with 
Ca- If the structure functions of |-, -J"*" and the components of the anchor map for these coordinates 
are clp,pl e C°°(C/a/,K) then {Aa,Ea) is given by 

a < n 7=1,. ..,n ^ ^ 

; = l,...,m a=l,...,ri 

- E ( E ^^.^^ + ^55.)^?^+ E p^^- 

/3=l,...,r! 7=1, ...,n ; = l,...,m 

Note that, in general, the local components of Ka are not affine functions. 

From Theorems l3.3l and l3.5l and taking into account that there exists a one-to-one correspondence between 
affine Jacobi structures on an affine bundle A of rank zero and Lie QD-algebroid structures on we 
obtain that 

Corollary 3.7 Let tt : A — > Af he an affine bundle of rank n. Then: 

(i) If n > 0, there is a one-to-one correspondence between affine Jacobi brackets on n : A —i- M and 
Lie algebroid structures on the vector bundle uniquely determined by the equation kS.5\) . 

(ii) Ifn — 0, there is a one-to one correspondence between affine Jacobi brackets on n : A ^ M and 
local Lie algebra structures on A'^ — M xM. 

Using the equivalence between Lie algebroids and linear Poisson brackets we can formulate also a Poisson 
version of the above Corollary. First, we introduce the following definition. 

Definition 3.8 Let A be an affine bundle over M of rank zero. A k-vector P^_i^q-^ on A ~ {O} = 
M X (R — {0}) is said to be homogeneous (sometimes called also linear) if 

PA.io}id{tfi),...,ditfk)) = (t/i)|A_{o}' 
for /i, . . . , /fc G C°°(Af, K), where t is the usual coordinate on M and h G C°°(Af, M). 

Now, we deduce 

Corollary 3.9 Let t: : A M be an affine bundle on AI of rank n. Then: 

(i) If n > 0, there is a one-to-one correspondence between affine Jacobi brackets {•, •}(Aa,_Ea) on A and 
homogeneous Poisson brackets {•, ■}xj^ on the vector bundle A, uniquely determined by the equation 

{a.b}(AA,EA) = ({a:^}A^)|A 

for a, 5 : A ^ R affine functions on A. The Jacobi structure (A^, Ea) on A is the restriction to A 
of the Jacobi structure (A^ — A E^,E^) on A, where E^ is the hamiltonian vector field of the 
linear function li : A with respect to . 
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(ii) If n = 0, there is a one-to-one correspondence between affine Jacobi brackets {•, ■}(Aa,Ea) ^'^ ^ ^'^'^ 
linear Poisson tensors A^_|q| on A — {O} = M x (K — {0}), uniquely determined by the equation 

{tf^t9}Kj^_^„^ = Al_{o}(^(*/)''^(*.9)) =t{{fi9}{K.E))\A-{o} 

for all f,g G C°°{M x (M — {0},R)), where t is the usual coordinate on M and (A, _£) is the Jacobi 
structure on M induced by [KatEa)- The linear Poisson tensor is given by 

Remark 3.10 Let it : A ^ M he &n afRnc bundle on M of rank n, n > 0, and A the dual space of 
. If [TA = TA © M, (0, 1)) is the Jacobi algebroid of first-order differential operators on A, then 
P + I A Q e T{a'^T A) is affine if (P + / A (3)(ai, . . . , Ok) is an affine function, for aU oi, . . . , Ofe : A ^ M 
affine functions on A. 

On the other hand, a fc-vector P G T{a''TA) on A is linear if P(ai, . . . , dk) is a linear function, for all 
fli , . . . , flfc linear functions on A. 

Now, let P E T{a''TA) be a linear fc-vector on A. We consider the fc-section P' and the {k — l)-section 
Q' on A given by 

P' = P - A^Ai{dLi)P, Q'^i{dLi)P. 

Then, the restrictions P and Q to A of P' and Q', respectively, are tangent to A and P-\-I AQ G V{A^TA) 
defines an affine first-order differential operator on A. In fact, we have that this correspondence between 
linear fc-vectors on A and afhne first-order fc-differential operators is one-to-one and that 

{P + I AQ){ai, ...,ak) = P(ai, . . ■ ,ak))\A, 

for all ai, . . . jflfc affine functions on A. Here : ^ — > M denotes the linear function associated with 
: A ^ M. Moreover, if Pi (respectively, P2) is a linear fci-vcctor (respectively, fc2-vector) on A and 
[•, -Ji is a Jacobi-Schouten bracket on A (see Section |2l then 

[Pi + /A0l,P2+/AQ2]l = [P1,P2]SN, 

where Pi -I-/AQ1 and P2 + 1 AQ2 are the corresponding affine first-order differential operators associated 
with Pi and P2, respectively. The details and proofs of these results can be found in |lUj . 

Using the above facts one may directly deduce the first part of Corollarv l3.9l 

In the case n — 0, if Pa-{o} ^ linear fc-vector on A — {0} = M x (M — {0}) then we can consider the 
fc-vector P' and the (k — l)-vector Q' on A — {0} given by 

d 

p' = tPA-{o} -t-Qi^ mpA-io} Q' = mPA-ioy 

The restrictions P and Q to M of P' and Q', respectively, are tangent to M and P-I-IAQ G r(A''(TM © 
R)) defines an affine first-order differential operator on M. Moreover, we have that this correspondence 
between linear fc-vectors on A — {0} and affine first-order fc-differential operators is bijective. Note that 
the relation between local Lie algebras on rank 1 vector bundles L and homogeneous Poisson brackets on 
L - {0} has been first established by C.-M. Marie |2H1- 
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4 Examples 

In this section we present some examples and applications of the above section. 

1. — Ajfine Poisson structures and special Lie algebroid structures. Let {V,X) be a special vector bundle 
over a manifold M. A special Lie algebroid (resp. QD-algebroid) structure on iV^X) is a Lie algebroid 
(resp. QD-algebroid) structure on {V,X) for which the section X belongs to the center of the 
Lie algebra {T{V), {■,■}), that is, {X,Y\ = 0, for all Y e r{V). 

Then, if A is an affine bundle with rank non-zero (resp. zero), one can deduce from Theorems 13.31 and 
13.51 and Corollarv l3.7l that there is a one-to-one correspondence between affine Poisson structures on A 
and special Lie algebroid (resp. QD-algebroid) structures on A^ = {A'^, 1). 

2. — Ajfine Jacobi structures on an affine space and Lie algebra structures. Let A be an affine space of 
finite dimension n > modeled on the space vector V. Then, using Corollarv l3.7l we deduce that there 
is a one-to-one correspondence between affine Jacobi structures on A and Lie algebra structures on . 

In the particular case, when A is a vector space we have a one-to-one correspondence between affine 
Jacobi structures on V and Lie algebra structures on V* x R, V* being the dual vector space of V. 

As a consequence of these facts and Example 1, we obtain a well-known result (see 0) which establishes 
a bijection between affine Poisson structures on the vector space V and central extensions of Lie algebra 
structures on V*. 

3. — Affine Jacobi structures and triangular generalized Lie bialgebroids. We recall that a triangular 
generalized Lie bialgebroid is a triple {{A, |-, •], p), 4>q,P), where A is a vector bundle over Af, (|-, •], p) is 
a Lie algebroid structure on A, 0o G T{A*) is a 1-cocycle and P G T{A^A) a bisection on A satisfying 
|P, PI + 2P A i{(t)o)P = (see [TT]). 

Assume that 00 is nowhere vanishing and consider the affine bundle A^f, = {A* , ^o)''' . A direct computation 
proves that the (special) vector dual of A^^, is isomorphic to the dual bundle A* of A. Thus, the 
vector bundles and A are isomorphic. 

Now, we consider the Poisson complete lift to A = A,p^ of P and given by 

=^'-^0o^" + AAA(^^„P)^ 

P^^ is a linear Poisson structure on A = (see JI]). Next, we will see which is the affine Jacobi 
structure on induced by P^^. 

In view of Corollary 13.91 this structure is the restriction to A^f,^ of the Jacobi structure (P|^ — A 
i?0„,i?0p), where E,f,^ is the hamiltonian vector field of t^^. Using the identities A^(t^) — t^, idi^X'^ = 
(if^Xy + iix{dn) and i^i^X^ — (i^A')" which are valid for any 1-form /i, we get 

i?0o = 2d.,„(P^-^0o^'" + AAA(z^„Pr) 

Hence 

p;, - A = p^~ i^„p^ ~Aaa {{i^^py ~ [i^oPy). 

and the Jacobi structure on A^,, is the restriction of the Jacobi structure 



(P^ - i^„P" - A^ A {{ii^^Py - (ic^oPy): {^<^>oPy)■ 
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Note that t^^ = 1 on A^^^. Let now Iq be a section of Af^^. We have the decomposition A — Aq (B {Iq) ~ 
Aq © K, where Aq = V{A^g) ~ Ker{(j)o) is a 1-codimensional vector subbundle of A. Since d(j)o = 0, Aq 
is a Lie subalgebroid. Using the canonical hnear coordinate s in the 1-dimensional subbundle (Iq) ~ M, 
we have that 

for Qo G r(APAo), where cq and denote the complete and vertical lift of the Lie algebroid Aq. Here, 
of course, we understand tensors on Aq as tensors on A ~ x R in obvious way. Note that if we 
identify A^g with Aq via the translation by Iq, then the restriction of Qq to A^,, is tangent to A^^ and 
such a restriction is the complete lift of Qq with respect to the Lie affgebroid structure on A^^, in the 
terminology of 7 . A Lie affgebroid is a possible generalization of the notion of a Lie algebroid to affine 
bundles. The main motivation of the study of this concept was to create a geometrical model which 
would be a natural environment for a time-dependent version of Lagrange equations on Lie algebroids 

(cf. |3IHlEniE3)- 

Now, we can decompose P = A + Iq A E, where A G r(A^ylo) and E £ r(ylo), and we deduce 

P'^ = A=" + s |/o , Al "° + I^ A E"" + ds A {E''» + s {Iq , Ef°) and P" = A"" + d, A E"" . 

Thus, writing = A^^ + sdg, we get finally the Jacobi structure on A^g (identified with Aq via the 
translation by Iq) in the form 

(A"« - A^« + I/o, Af « + (loY A E"" - Aao A [E"" - E"" + |/o, £;f«), 

In particular, if p(/o) = and Iq is central, i.e., (A, /q) is a special Lie algebroid, then [IqY = 0, so we 
end up with the Jacobi structure 

(A"° - A"° - Aao a {E"" - E'"'),E'"'). (4.1) 
Now, we consider a particular example of triangular generalized Lie bialgebroid. 

Let {A, |-, ■\aiPa) be a Lie algebroid over M and let (A, i?) G T{A^A) ® r(A) be a pair satisfying the 
following properties 

|A,A]^ - -2AA£;, lKE}A^i). 
Here |-, -Ja denotes the Schouten bracket associated with the Lie algebroid A. 

We will prove that, in such a case, it is possible to define an affine Jacobi structure over A. In fact, we 
can consider the Lie algebroid structure (|-, -Jai , PAi) over Ai = A®M. given as follows 

|(X,/), {Y,g)lA, = {IX,Y\aiPa{X){9) - PA{Y){f)), PA^XJ) = Pa{X), 

for all {XJ),{Y,g) G r{A) x C°°(M,R) ^ T{Ai). The pair (0,1) G T{A*) x C°°(Af,R) = r{Al) = 
r{A* ®R) defines a 1-cocycle for this algebroid. Moreover, since P = A + I AE is a canonical structure for 
the corresponding Schouten- Jacobi bracket, {Ai, (0, 1), (A, E)) is a triangular generalized Lie bialgebroid 
(see 22]). In this case, Iq = (0, 1) G r(Ai) is central and pai{Iq) — 0. Thus, we have defined an affine 
Jacobi structure on A given by 

{Aa, Ea) = (A^ - A'' - Aa A {E' - E-), E^), (4.2) 

where the complete lifts are lifts for the Lie algebroid A. 
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Now, if we consider the particular case when (A, |-, -J^, p^) = {TM,[-, ■]sn7^tm) and {M,A,E) is a 
Jacobi manifold, then we have that the affine Jacobi structure (Atm , Etm) on TM (the ajfine tangent 
Jacobi structure on TM) is given by (see 

Atm = A'^ — A" — Atm a {E'' — E"), Etm — E'^, 

where Atm is the Liouville vector field on TM, A"^ (resp. E'^) and A" (resp. E'") are the complete 
and vertical lift of A (resp. E). This structure was first considered by Vaisman in [27]. If = 
(that is, (M, A) is a Poisson manifold) we obtain the affine tangent Poisson structure on TM given by 
Atm = A= - A". 

Note that the linear tangent Poisson structure on TM is A^. 

4.— Homogeneous Jacobi structures and Jacobi algebroids. A Jacobi structure (A, E) on a manifold M is 
called homogeneous of degree k with respect to a vector field A on M if A and E are homogeneous of degree 
k with respect to A. A homogeneous Jacobi structure of degree —1 we will just call homogeneous. By a 
homogeneous Jacobi structure on a vector bundle A, we will always understand a Jacobi structure which is 
homogeneous with respect to the Liouville vector field A a- Then, we have the following characterizations. 

Theorem 4.1 Let {A,E) be a Jacobi structure on a vector bundle A. Then, the following are equivalent: 

(a) {A,E) is homogeneous; 

(b) The Jacobi bracket {•, ■}[a,E) linear and affine and the bracket of a linear function and the constant 
function 1 is a basic function; 

Proof.- (a) [b] If /i, v are sections of A* then, from H2.1|l . it follows that 
for D = A^ — /, which implies that {t^, tj/}(A,_E) is linear. 

On the other hand, since E is homogeneous, we obtain that A^(i?(i^)) = and thus E{l^) — {1, i^}(A,£;) 
is a basic function. Consequently, using the results of tlBj . we deduce that {•, •}(a,_b) is affine. 

(&) (a) Let / be a basic function. If is a section of A* then {1, /t/j}(A,_E) — E{fL^) — E{f)L^ + 
/{l,tp}(A £) is a basic function. Therefore, E{f) = 0. Moreover, /S.A{E{b^)) — A^({1, tp}(A,_B)) — 0. 
Consequently, [Aa,E] = —E. 

Next, we will prove that A is linear. For ji^v ^ T{A*), we have 

A{dL^,dL^) = {i^, ti.}(A,_E) - t-t,E{L^,) + Li,E{l^) 

since E{l^) and E{l^) are basic functions, we conclude that A(d/,^i, dt^) is a linear function. This implies 
that A is homogeneous (see Section □ 

Let TT : A — > A/ be a vector bundle over the manifold M of rank n, n > 0. Consider a homogeneous 
Jacobi structure {Aa,Ea) on A. Then {Aa,Ea) is an affine Jacobi structure on A (see Theorem I4.1|l . 

Thus, from Theorem 13.31 we have that there exists a Lie algebroid structure on yl+ = A* © R. It is not 
difficult to show that such a Lie algebroid structure is given by 

I(a, /), (/3,5)]+ = (la, p,(a)(g) - p.(/3)(/) + (ga - //?)(Xo)), p+{a, f) = p.(a) 
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for all {a,f),{l3,g) e r{A*) x C°°(Af,K) ^ T{A+), where is a Lie algebroid structure on A* 

and Xq is a 1-cocycle on A* . 

Using the above fact and Corollarv l3.7l we conclude that there exists a one-to-one correspondence between 
homogeneous Jacobi structures on A and Jacobi algebroid structures on A*. This result was proved in 

m 

5 AfRne-homogeneous Jacobi structures on an affine bundle 

Let TT : A ^ M he a. vector bundle over a manifold M. We stress the existence of the canonical family 
V{A) = {X^ : X e r(^)} of vertical lifts of sections of A. These are pair-wise commuting vector fields. 
They can be viewed as invariant vector fields on A when we view A as a commutative Lie groupoid. Any 
tensor F on ^ is called invariant if it is invariant with respect to V(^), i.e., the Lie derivative £xY 
vanishes for every X € V(^). It is easy to see that the set of invariant vector fields coincides with V{A). 

It is worth noticing that linear tensor fields have a special property closely related to the fact that they 
live on vector bundles. On the zero-section of a vector bundle A we have the full decomposition of T^A 
into the vertical and the horizontal parts. This, of course, makes sense for any contravariant tensor and 
we will say that a r-vector A on A is vertically vanishing on the zero-section if its vertical part vanishes 
on the zero-section. This simply means that A((it^ij , ■ • ■ , dif^^) o O ~ O, for /ii, . . . , fXr G r(A*), where O 
is the zero-section of A. In fact, if A is a r-vector on A then one may define a section Va of the vector 
bundle A'"A ^ M as follows. If /ii, . . . , /x^ £ T{A*) then 

VX(mi, ...,^ir) = A(dt^^, . . . o O. 

Now, a 2-vector A on A is affine if A{da, dh) is an affine function, for a, 6 : A — > R affine functions on 
A. It is easy to prove that A is affine if and only if A — is a linear 2-vector on A, where is the 
standard vertical lift of Va £ T{f\^A). Furthermore, we have 

Lemma 5.1 Let K he a 2-vector on a vector bundle A. Then, A is affine if and only if £xA is an 
invariant bivector field for any invariant vector field X £ V{A). Moreover, A is linear if and only if it is 
affine and vertically vanishes on the zero-section A. 

Proof.- The proof is obvious and depends on the fact that if / ; A ^ K is a smooth real function on 
A then / is affine if and only if X{f) is a basic function, for any invariant vector field X e V{A). In 
addition, / is linear if and only if X{f) is a basic function, for all X G V{A) and foO identically vanishes. 
Using these facts and (j2.2(l . we deduce the result. □ 

We recall that a 2-vector A on a vector bundle is linear if and only if it is homogeneous (with respect 
to the Liouville vector field of A). On the other hand, a Jacobi structure (A, E) on A is homogeneous if 
A and E are homogeneous (see Example 4 in Section 0J|. Next, using the definition of invariant tensor 
fields on A, we will characterize homogeneous Jacobi structures. 

Theorem 5.2 Let (A, E) be a Jacobi structure on a vector bundle A. Then, the following sentences are 
equivalent: 

(a) (A, i?) is homogeneous; 
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(b) E G V{A) and there is a linear Poisson structure A such that 

A = A + EaAa; 

(c) E G V(^), £xA is an invariant bivector field for any invariant vector field X G V{A) and A 
vanishes vertically on the zero-section of A. 

Proof.- (a) ^ (6) Let / be a basic function. If /i is a section of A* then, from Theorem 14. II we deduce 
that the function {1, /i;^}(A,_E) — E{fL^) — E{f)i^ + /{I, ip}(A.£;) is a basic function. Thus. E{f) = 0. 
Therefore, since E{i^) is a basic function, for all v e T{A*)^ we conclude that E e V{A). 

Now, using that the Jacobi bracket {•, •}(a,£;) is linear (see Theorem l4.1|l . we obtain that A is linear. This 
implies that =fAA^ ~ and, since that E e V(A), it follows that [A, AJsat = 0, that is, A is a Poisson 
structure on A. Finally, from 1)2.1(1 and using that A is linear and the fact that E G V(A), we have that 
A is a linear 2- vector on A. 

(b) (c) It follows from Lemma FS. II 

(c) ^ (a) li E V(^), it is clear that E is homogeneous. Therefore, using again Lemma f5.il we have 
that A is linear and, consequently, A is homogeneous. 

□ 

Note that the description of homogeneity of tensor fields given in (c) of the above theorem is a variant of 
the description of multiplicative tensors on Lie groups or Lie groupoids, here in the commutative case. 

We can also try to define homogeneity for affine bundles. In order to do this we describe homoge- 
neous Jacobi structures, using the Schouten- Jacobi bracket [■,■]! on the Grassmann algebra of first- order 
polydifferential operators. 

Theorem 5.3 (a) A Jacobi structure (A,i?) on a manifold M is homogeneous with respect to a vector 
field A if and only if 

[A-I,A + I AE]i^O, (5.1) 

where [•,•]! is the canonical Schouten- Jacobi bracket on the Grassmann algebra of first- order polydiffer- 
ential operators on M . 

(b) A Jacobi structure (A, E) on a vector bundle A is homogeneous if and only if the bivector field A 
vertically vanishes on the zero-section of A and 

[{Xiy,[{X2)\A + I AE]i]i^O, for all Xi,X2 er{A) (S C'^{M,R). (5.2) 

Proof.- (a) It is a direct consequence from [A - I , A + I A E]i ^ [A, A]sn + I A [A, E]sn + A + I A E. 

(b) Suppose that A vertically vanishes on the zero-section of A and that (|5.2|) holds. Then, since for any 
X G r{A), [X", [(1m)", A + / A E]i]i = [E,X'']sN = 0, the vector field E is invariant, i.e., E G V{A). 
Hence, for any Xi,X2 G r{A), [X^, [^2", A + / A = [X^, [X^,A]sn]sn = 0, i.e., A is afBne. Thus, 

from Lemma I5. II we deduce that A is linear. 

Conversely, if A is linear and E is invariant, then for any X G r(A), / G C°°{AI,M.), 

[X- + f^,A + lAEl^ [X^, A]sN + [/", A]sN - f^E. 
But [X'",A]sN and ([/", AJ^at — f^E) are invariant tensors and the theorem follows. □ 
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Since on an afRne bundle A no Liouville vector field and no linear functions exist, we will use a concept 
of homogeneity suggested by Theorem 15.31 The concept of invariance is clear: the model vector bundle 
V(A) acts on A by translations, so we can lift vertically sections X of V{A) to vector fields X"" on A. 
We lift vertically functions on M to functions on A in obvious way. Denote the vector space of first- 
order differential operators spanned by vertical lifts of both types by Vi (A) . It is easy to see that Vi [A] 
is a maximal subalgebra in the Lie algebra of all first order differential operators on A. A first-order 
polydifferential operator F on A is called a ffine- invariant if it is invariant with respect to elements of 
Vi{A), i.e., [D,F]i = for any D e Vi{A), where is the canonical Schouten- Jacobi bracket on 

the Grassmann algebra of first-order polydifferential operators on A and ajfine-homogeneous if [_D, F]i is 
afiine-invariant for any D G Vi{A). In other words, F is affine-homogeneous if [Di, [-D2: ^]i]i =0 for all 
Di,D2 £ Vi{A). In particular, we propose the following 

Definition 5.4 A Jacobi structure {Aa, Ea) on the ajfine bundle A Ad is said to be affine-homogene- 
ous if[Di, [D2,Aa + I AEa]i]i = for all Di,D2 £ Vi{A). 

Although the Jacobi bracket associated with an affine Jacobi manifold {A, A, E) is closed with respect to 
the affine functions, the hamiltonian vector field Xa^'^^ of an affine function a : A ^ M is not, in general, 
affine, that is, if 6 : A ^ M is an affine function then Xa^'^\b) is not, in general, an affine function. 

In fact, if A is the vector space R'^ and we consider the Jacobi structure (A, E) on A given by 

A d d d d ^ d 

A = xiX3- — A- xl- — A- — , E ^ xi- — , (5.3) 

0x2 0x3 0x1 0x2 0x2 

where (xi,X2,X3) are canonical coordinates in M"^, then (A, _B) is an affine Jacobi structure over R'^ and 
Xx^'^\x3) = X1X3 is not an affine function. Note that, in the case of affine Poisson structures, the 
hamiltonian vector fields of affine functions are affine. 

Definition 5.5 An affine Jacobi structure {Aa, Ea) over an affine bundle n : A ^ M is a strongly- affne 
Jacobi structure if the hamiltonian vector field Xa^^'^^"^ is affine, for every affine function a : A — > R. 

The following result relates affine-homogeneous and strongly- affine Jacobi structures. 

Proposition 5.6 Let (A^, Ea) be a Jacobi structure over an affine bundle n : A ~> M of rank n, n > 0. 
Then, the following sentences are equivalent: 

(i) {AatEa) is affine-homogeneous; 

(a) Ea is affine-invariant and Aa is affine; 

(Hi) (Aa, Ea) is strongly- affine; 

(iv) {Aa,Ea) is affine and basic functions form an ideal in the algebra of affine functions with respect 
to the corresponding Jacobi bracket; 

(v) (Aa,Ea) is affine and there exists Xq G r(yl) such that 

EA{a) = -Xoi&)o7: (5.4) 

for all affine functions a : A M., where a G r(A+) is the section of A'^ associated with the affine 
function a. 
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Proof.- (i) <J4> {a) Proceeding as in the proof of Theorem 15.31 (6) we deduce that the sentences («) and 
(m) are equivalent. 

(ii) (Hi) Let a be an afhne function and consider the hamiltonian vector field Xq^'*'^'*'' of a with 
respect to (A^, Ej^). If 6 : A ^ R is an affine function then 

Xi^^'^^\b) = KA{da,dh)+aEA{b). 

Now, the condition [X, iJ^] = 0, for all X G V(A), implies that Ea G and, thus, EA{h) is a basic 

function. Therefore, xi^^'^^\h) is an afiinc function. 

{Hi) [iv) Let a : A — > R be an affine function. We will prove that EA{a) = {1, a}(AA,-EA) ^ basic 
function. In fact, if p is a point of M, we will show that {EA{a)\Ap) is constant. For this purpose, we 
consider an affine function & : A ^ K such that the restriction to V{A)p, b\Y{A)p, of the linear map b 
associated with b is not zero. Then, we have that Xq^'^'^'^^ (&) — {a, 6}(Aa,-Ba) ~ ^Ea{o.) and {a, 6}(a^,£;^) 
are affine functions. Thus, bEA{a) is an affine function and EA{a)\Ap is constant. 

Now, suppose that / is a basic function. Then, 

{a, fb}(AA,EA) = /{«> b}{AA,EA) + Ha, f}(AA,EA) - fHa, 1}(A^4,Ba) 

is an affine function. This implies that 6{a, /}(Aa,_b^) is an affine function and, therefore, {{a,f}(AA,EA))\Ap 
is constant. Consequently, we have proved that {a, /}(A4,_b^) is a basic function. 

{iv) =^ {v) Let a ; A R be an affine function on A. Then, the function EA{a) = {1, a}(AA,_EA) i^ basic. 
Thus, there exists Xo{a) G C°°(M,R) such that 

EA{a) = ~Xo{a)oTT. (5.5) 

Next, we will prove that if / is a basic function then 

EA{f) = {lJ}^AA.EA}^0. (5.6) 

Suppose that p is a point of M and that a : ^ R is an affine function such that the restriction to V{A)p, 
S|y(A)pi of the linear map a associated with a is not zero. Then, {1, /a}(A^,£;^) — {I7 /}(Aa,-B^)'^ + 
f{^,a}(AA,EA) i'' ^ basic function and therefore, ({1, /}(a^,£;a))|Ap ~ 0. Consequently, from (|5.5|l and 
we deduce that Xq : r{A+) C°°(M,R) is a section of the vector bundle A = {A+)*. 

{v) {ii) Let / be a basic function on A. Using H5.4|l . it follows that aEA{f) — 0, for any affine function 
a : A ^ M. on A. This implies that 

EA{f) = 0. (5.7) 
Consequently, from H5.4|) and H5.7|l . we obtain that Ea is affine- invariant. 

On the other hand, if a, 6 : A ^ M are affine functions then, {a, fo}(AA.BA) ~ ^A{da^ db) + aEA{b) — bEA{a) 
is an affine function and, thus, Ayi((ia, db) is again an affine function. This proves that A^i is affine. □ 

Remark 5.7 If {Aa, Ea) is an affine-homogeneous Jacobi structure on an affine bundle A then, from 
Proposition 15. 61 we can deduce that it is an affine Jacobi structure and that the local expressions of Aa 
and Ea are as in (|3.8|) . Moreover, in this case, Cq^, = 0, for all a, /? = 1, . . . , n . 

Next, we will establish a one-to-one correspondence between strongly- affine Jacobi structures over an 
affine bundle n : A ^ M and a particular class of Lie algebroid structures on . 
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Definition 5.8 An almost- special Lie algebroid structure on a special vector bundle {V, X) is a Lie 
algebroid structure (|-, ■\, p) on V such that the submodule oJT[V) generated by the section X is an ideal 
of the Lie algebra (T{V), |-, •]). 

Remark 5.9 i) Every special vector bundle is of the form (j4+, 1) for an affine bundle A. 

ii) A Lie algebroid structure (|-, -J^ , p'^) on A'^ is almost-special if there exists a map Xq : r(A+) 
C°°{M,R) such that 

= -Xo(a)i, for all a e r(A+). (5.8) 
This type of Lie algebroids has the following properties. 

Proposition 5.10 Let ir : A ^ M be an affine bundle of rank > 0, and (|-, p^) be an almost-special 
Lie algebroid structure over A'^ . Then: 

(t) p+{l) = 0, 

(ii) Xq is a 1-cocycle of the Lie algebroid 

Proof.- Consider /m G C°°{M,R) andp G M. We will prove that p+(i)(/Af)(p) = 0. In fact, if 5 G T{A+), 
then 

^o(/Affi)i = -[i, /Affir - -/mP, ar - p+(i)(/Af)a = /Af^o(a)l - p+(i)(/Af)a. 

Thus, 

ifMXoia) - XoifMa))! - p+(i)(/M)a - 0. (5.9) 

If we consider a : yl R an afhnc function such that the associated linear function a satisfies a{p) ^ 0, 
from (|5.9|l . one can deduce that p+(1)(/a./)(|5) = 0. So, we have (i). 

Substituting (i) in H5.9|) . we prove that Xq is C°°(Af, R)-hnear. 

Finally, using the Jacobi identity of |-, -J^ and H5.9|) . we obtain 

= Ii, i&,b]+r - 1«, i^,i]+r - ii,«]+r = -mi^m+yi - ia,Mm+ + ib,Ma)ir 

= (-Xo(Ia,61+)+p+(a)(Xo(6))-p+(6)(Xo(a)))i. 

Therefore, Xq is a 1-cocycle in A^. □ 
Now, as a consequence of Corollarv l3.7l and Propositions I5.()l and 15.11)1 we conclude that 

Corollary 5.11 There exists a one-to-one correspondence between strongly- affine Jacobi structures over 
an affine bundle t: : A M of rank n > and almost-special Lie algebroid structures on . 

Now, suppose that tt : A ^ M is a vector bundle and that Ai ~ AxM.. Let {Aa, Ea) be a strongly-affine 
Jacobi structure over A and ((|-, •]+,/)+), Xq) be the associated almost-special Lie algebroid structure 
on A^. Under the identification between A'^ and Al, the section 1 of is the pair (0, 1) G T{A*) x 
C°°(M,R) ^ T{Al). Moreover, since Xo(i) = and p+{l) = (see (ESJ and Proposition [QHl . we 
deduce that there exist maps 

I-, -1, : T{A*) X TiA*) ^ r(A*), : T{A*) ^ X(M), 

Xo : T{A*) C°°(M,R), Pq : r{A*) x T{A*) C°°(Af,M) 
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such that 

P+(«',/m) = P*W) 

l{a'jM),{b',gM)r = {la',b%,-Po{a',b')^fMXo{b')+gMXo{a')-p4b'){fM) (5.10) 

+P*(a')(5M)), 

for aU (a', /a/), (6', .gM) G r(A*) x C°°{M, R). A direct computation, using that (|-, •] + , p+) is a Lie alge- 
broid structure, shows that (A* , |-, •]*, p*) is a Lie algebroid, that Xq defines a 1-cocycle in {A* , |-, •]*, p*) 
and that Po : r{A*) x T{A*) C°°(Af,]R) is a skew-symmetric C°°(M, M)-bihnear mapping such that 
d^Po = —Xq a Po, where denotes the differential of the Lie algebroid {A* , |-, ■]*, p*). 

Remark 5.12 Using that Xq is a 1-cocycle of the Lie algebroid {A*, |-, •]*, p*) and that d*Po — —XqAPq, 
we deduce the following facts: 

i) The map V : r{A*) x C°°(Af,M) C°°{M,R) given by 

V^./m - P*{a'){hi) + a'{Xo)fM, 

for a' 6 r(A*) and G C°°(M,R) defines a representation of the Lie algebroid {A*, |-, p*) on 
the vector bundle M xR~^ M. 

ii) Po : T{A*) x r(A*) ^ C°°(M,]R) is a 2-cocycle for the representation V. 

Thus, in the terminology of Mackenzie jJH (see pag. 205-206 in 26 ), the Lie algebroid {Al, |-, -l^, p^) is 
just the extension of the Lie algebroid {A*, |-, •],,p*) by the vector bundle M xM. ^ M associated with 
the representation V and the 2-cocycle Po. 

Now, one can easily prove the following result. 

Proposition 5.13 Let n : A M be a vector bundle. Consider |., .]+ : r(A^) x T{Al) T{Al) (resp. 
p+ : r(yl^) C°°(Af, M)) a bracket over A^ (resp. a mapping ) given as in ^5.1U\) . Then, {Al, |-,-]+,p+) 
is an almost- special Lie algebroid if and only if the following sentences are satisfied: 

(i) (A*, [•, •],,p*) is a Lie algebroid, 
(ii) Xq defines a 1-cocycle o/ (A*, |-, •],, p»), 

(Hi) Po : T{A*)xT{A*) C°°(A/, R) is a skew-symmetric C°° {M,'R.)-bilinear mapping such that d^Po = 
—Xq a Po, where denotes the differential of the Lie algebroid A* . 

Using this result, CoroUarv lS. 1 II and the local expression of and Ej^, we have that the strongly-affine 
Jacobi structure {A^, E^) over A associated with an almost-special Lie algebroid structure over A^ is 
given by 

A^ = A^-Po" + A^AXo", Ea^-XI (5.11) 

where A^ is the linear Poisson structure over A induced by the Lie algebroid {A*, |-, •]*, p*), is the 
Liouville vector field of A and Xq (resp. Pq ) is the vertical lift of Xq (resp. Po). 

Corollary 5.14 There is a one-to-one correspondence between strongly-affine Jacobi structures on a 
vector bundle t: : A M of rank n, n > 0, and Jacobi algebroid structures ((|-, •]*, p,), Xq) on A* with a 
skew- symmetric {M,R) -bilinear map Pq : r{A*) x r{A*) C°°{M,R) such that d*Po = ~Xq A Po, 
where d* denotes the differential of A* . 
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Remark 5.15 li Pq = in Corollary 15.141 then we recover the one-to-one correspondence between 
linear-homogeneous Jacobi structures on a vector bundle ir : A ^ M and Jacobi algebroid structures on 
A* (see Sectional Example 4). 

6 The characteristic foUation of a strongly-afRne Jacobi struc- 
ture on a vector space 

Let g be a real vector space of finite dimension and Ag be a linear Poisson structure on g. Then, g* is 
a Lie algebra. Denote by G* a connected and simply connected Lie group with Lie algebra g*. Then, 
the leaves of the symplectic foliation associated with Ag are the orbits of the coadjoint representation 
associated with G*. In this section we will obtain the corresponding result in the Jacobi setting. 

First of all, we must replace the terms linear and Poisson by the terms affine and Jacobi, respectively. So, 
suppose that we have an affine Jacobi structure {Ag,Eg) on g. Then, (g+ = A//(g,R) = g* x M, [•, •] + ) 
is a Lie algebra such that the mapping 

: g+ X(g), a ^ -X(^«'^«)(a) = -Xf 

is a Lie algebra antihomomorphism. Denote by a connected and simply connected Lie group with 
Lie algebra (g+, [•, -l^). In general, there does not exist a global action of G+ on g whose associated 
infinitesimal action to be — AT'^^s'^o-'. In fact, in general, if a G g+ then —Xa^"'^"^ is not complete (see, 
for instance, 1)5. 

If, "additionally", we suppose that {Ag.Eg) is strongly affine, then — X(^s'^b) : g+ — > Aff{g,g) defines 
an affine representation of g+ on g in the sense of Therefore, using a result of Palais one 

can prove that there is an affine representation Coad : x ^ 0, such that the associated affine 
representation of g+ on g, coad : g+ x g ^ g, is — X^^s'^"). Consequently, 

Theorem 6.1 Let (Ag,Eg) be a strongly- affine Jacobi structure over a real vector space g of finite di- 
mension. Then, the leaves of the characteristic foliation associated with the Jacobi structure {K^^Eq) are 
just the orbits of the affine representation Coad : G"*" X g — > g. 

In the following, we will give an explicit description of the Lie group G^ and the affine representation 
Coad. 

Let {Ag,Eg) be a strongly-affine Jacobi structure on the real vector space g. Then, there exist a Lie 
algebra structure [•,•], over the dual vector space g*, a 1-cocycle Xq e g of (g*, [•, •]*) and a 2-section 
-Fo € A^g such that 

d^Po^-XoAPo, (6.1) 
being the differential of (g*, [•, •]*). Moreover, (see 1)5.11(1 1 

Ag = Ag + Ag A - Po^ E, = -X^, 

where Ag is the Lie-Poisson structure on g and Ag is the radial vector field on g. 

Note that Xq (resp. Pq ) is the constant vector field Gp„ (resp. the constant 2-vector Gp„) over g defined 
by e g (resp. Pq G A^g). 
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Let G* be a connected and simply connected Lie group with Lie algebra g*. Since d^,Xo = 0, then there 
is a unique multiplicative function ao : G* ^ M. such that 

dao{e)^Xo, (6.2) 

e being the identity element of G* . We recall that (Tq : G* ^ R is multiplicative if aolgh) = (To{g) + <Jo{h), 
for g,h e G*. 

On the other hand, Pq G A^g is a 2-cocycle in g* with respect to the representation i?Xo of 0* on ^ 
defined by 

: fl* X K ^ M, a e Q* ^^ Rxoia){X) = XaiXo), VA G M. 

In fact, the cohomology complex associated with this representation is defined as follows. The space of 
/c-cochains G''{q*,R) consists of skew-symmetric fc-linear mappings P : q* x . . S'' . . . x q* R and the 
cohomology operator (i*Xo is given by 

k+l 

{d^XoP){ai,---,ak+i) = ^{-iy'^'^Rxo{ai)iP{ai,...,a^,...,ak+i)) 

i=l 

+ ^(-l)'+-'P([aj,aj]*,ai, . . . , Oi, . . . , aj, . . . ,afe+i), 

for all Ui G Q* . Then, d^XgP = d^P + Xq A P and, in particular, we have that d^XgPQ = (see (|6.1|) '). 

Denote by Z'^^ {g* ,M^) (resp. B'^^ (g*,M)) the space of /c-cocycles (resp. /c-coboundaries) of the above 
complex and by {g* ,M.) the corresponding cohomology group. 

On the other hand, Rxq is just the infinitesimal representation associated with the linear representation 
of G* on R given by 

: G* X M ^ K {g, t) ^ te^^^^^ 

Now, we consider the cohomology complex over G* associated with ^o-q ■ We recall that the space of 
fc-cochains in this complex is the set G'^(G*,M) of differentiable mappings : G* x . . .'^'^ . . . x G* — > M. 
The cohomology operator is given by 

fc 

daof{gi,92, gk+i) = e'""^^' V(52, ■ ■ • ,5fc+i) + ^{-lYfigi,- ■ .,gj-i,gj.gj+i, 

9j+2, ■ ■ ■,gk+i) + {-lf+'^(p{gi, . . .,gk), 

for (/5 G G'=(G*, M) and 51, ... , gu+i G G* . Denote by (G*, M) = J'V_' . the cohomology fc-group 
of G associated with ^o-q • 

Then, there is an isomorphism between -ff|.^ (0*il^) a-nd H'^ (G*,R) (see, for instance, T). In fact, 
this isomorphism is induced by the correspondence 



<i>:Zt„(G*,R)-Z^,j0*, 

where 



*(¥')('?,??) = T" ivi(^xpitO,exp{sr])) - ip{exp{sr]),exp{t^))) (6.3) 

ds \s=odt\t=o 

exp : g* ^ G* being the exponential associated with G*. 

Therefore, for Pa G Z^^^(g*,R), one may consider ipo G Z|^^(g*,R) such that Pq and (/jq satisfy (j6.3|l . 
Using H6.2|l and H6.3|l. we prove the following result. 
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Theorem 6.2 The Lie group G'^ is isomorphic to the product G* x R and the multiplication in 
G* X M is given by 

{giM){92M) = (5152, +e'^«(9i)i2 -^0(51,32)), 
for all (gijti), (52,^2) G G+ = G* X M. /n particular, 

(i) If (po = (that is, the Jacobi structure (Ag, Eg) is linear), G"*" is the semi-direct product G* x^^^^ ] 
(ii) //(To = ('i/iai is , the Jacobi structure (Ag,£^g) is Poisson), G+ is a central extension of G* . 



Next, we will describe the affine representation Coad : G+ x g ^ g. 

Theorem 6.3 Let q be a real vector space of finite dimension and {K^^Eq) be a strongly- affine Jacobi 
structure over q. Then, the leaves of the characteristic foliation associated with (Ag,i?g) are the orbits of 
the affine representation Coad : G+ x ^ given by 

CW(g,i)(X) = e-^ofs) Coad^'x + tXo - e'^^'^a) dff\e), (6.4) 

for (g, t) G G+ = G* X M and X € Q, where CoadF : G* x q —f g is the coadjoint representation associated 
with G* and for each h £ G* , /q : G* — >• E is the real function defined by f^{g') = (po{h, g')-\-(po{hg' , h~^), 
for all g' G G. 

Proof.- Consider (Ag, iJg) the Jacobi structure on g = (g"*")* = x R given by (see (|3.7|l ') 

where Ag is the linear Poisson structure on g associated with the Lie algebra (g"*", [■, ■]"'") and xj^^^ is 
the hamiltonian vector field with respect to Ag associated with the linear function (-(o,i) : — > R G 0^ 
defined by t(o.i) = (0,1) G 0* x R = g+. Denote by a : — > R the linear function associated with 
a = (a, A) G 0* X R = g+. Then, the hamiltonian vector field with respect to (Ag, Eg) associated with La 
is 

x^(Ai,-Bs) _ ^Coad''^ , (, \/\ 

^Coad being the infinitesimal generator of a associated with the coadjoint representation Coad*^ of 
G+. Consequently, since ~ ij^^j^j(l), Ag = Ag|g and E^ = i?g|g, we have that 

Xi^.,E,) ^ (Xf:-^'))|g = (-af«ad-" +<«,,(..)Ag)|^. (6.5) 

On the other hand, the coadjoint representation Coad : G+ x g ^ g is given by 

Coadfg|t)(A:, A) = (Coadf X + Ate-'^^^s^Xo - Xdff' (e), Ae^'^o^^)), (6.6) 
for aU (.g, t) G G+ = G* x R and (X, A) G = g x R. 

From (|6.5|l and (|6.6() . we obtain that the action Coad : G"*" x g ^ g of G"*" on g defined by 

G^A(g^t){X,\) = e^°(s)Coadg^)(X,A) (6.7) 

satisfies 

C^d(,,,)(fl)=0 and (afoad)|^^_^(A,,Bj^ 
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for all a G 0+ and {g,t) G , a^'-'^'^ being the infinitesimal generator of a associated with the action 
Goad. Consequently, the restriction to q of Coad(g^t) is just Coad(g.f), for all {g, t) G . Using this fact, 
(EiH) and (ins, we obtain 

□ 

Finally, using the above Theorem, we describe the Jacobi structure on the leaves of the characteristic 
foliation of a strongly-affine Jacobi structure over a vector space. 

Theorem 6.4 Let g be a real vector space of finite dimension and {Ag,Eg) be a strongly-affine Jacobi 
structure over g. Consider X E g and Lx the leaf of the characteristic foliation over the point X 
associated with (Ag,Eg). 

(i) LfE^{X) i #A„(Ti0) and Y E Lx then 

TyLx =< {ay - af^^^^'V) + "(^o)Ab(>') + (i(a)Po)''(F)}aer ^ > 
and (Ag,i?g) induces a contact structure rj^^ on Lx given by 

f^^-{Y){aY) = -a{Y), r^^- {Y){XS{Y)) = -1, 

for all a G 0*. 
(ii) LfE^iX) G #A,(Tl0) and Y e Lx then 

TyLx =< {ay = a^""'^'"' (Y) + a{Xo)A,{Y) + (^(a)Po)^'(^^)}aeB♦ > 
and {Ag,Eg) induces a l.c.s. structure {il^^ ,uj^^) on Lx defined by 

n^-{Y){ay,(iy) = [a,PUY)-P^{a,P), uo'^-(Y){ay) = -a(Xo), 
for all a, /? G 0*. 
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